We investigate the influence of the strong Coulomb field of a heavy nucleus on massive neutrinos, produced in the K-shell electron capture (EC) 
We investigate the influence of the strong Coulomb field of a heavy nucleus on massive neutrinos, produced in the K-shell electron capture (EC) decays of the H-like 140 Pr 58+ and 142 Pm 60+ ions. The corrections to the neutrino masses due to virtually produced charged lepton W -boson pairs in the strong Coulomb field of a nucleus with charge Ze are calculated and discussed with respect to their influence on the period of the time-modulation of the number of daughter ions, observed recently in the EC-decays of the H-like 140 Pr 58+ and 142 Pm 60+ ions at GSI in Darmstadt. These corrections explain the 2.75 times higher difference of the squared neutrino masses obtained from the time-modulation of the EC-decays with respect to the value deduced from the neutrino-oscillation experiments of KamLAND.
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As has been proposed in [2] , such a periodic dependence of the EC-decay rate can be explained by two neutrino-flavour mixing. The period of the time-modulation T d has been obtained as [3] (see also [4] ). The same estimates for ∆m 2 21 have been made in [5] and [6] . For the understanding of such a discrepancy we propose the following mechanism. In the ECdecay of a H-like heavy ion a daughter ion with electric charge Ze and a massive neutrino are produced. Since a characteristic energy scale is of order of a few 10 −15 eV [2] , one possible solution of the discrepancy between (∆m Fig. 1 . with the Green functions of virtual charged leptons in the strong Coulomb field [7, 8] .
For the calculation of the diagrams in Fig. 1 we use the weak leptonic interaction [9] 
defined by the W-boson exchange, where x = (t, r ), G F is the Fermi constant, ψ νj (x) and ψ ℓ (x) are operators of the neutrino ν j and lepton fields ℓ = e − , µ − and τ − , respectively, and U ℓj are the elements of the unitary neutrino-flavour mixing matrix U [3] . In our analysis neutrinos ν j (j = 1, 2, 3) are Dirac particles with masses m j (j = 1, 2, 3), respectively [3] .
A correction δm j to the neutrino mass, induced by the interaction of the neutrino ν j with a strong Coulomb field of a nucleus, is defined by
where we have denoted
Here G ℓ ( r, r; E) is the energy-dependent Green function of the negatively charged leptons ℓ in a strong Coulomb field, produced by a positive electric charge Ze [7, 8] .
Using the results, obtained in [8] , we get
where ν = n 2 − (Zα) 2 and I µ (z) is a modified Bessel function [10] ,Ĩ 2ν+1 (z) = I 2ν+1 (z) − I 2n+1 (z) andĨ 2ν (z) = I 2ν (z) − I 2n (z). We would like to notice that at Zα → 0 the corrections to the neutrino masses vanish as M ℓ (r) → 0. Hence, a non-vanishing correction to the massive neutrino mass appears only due to the Coulomb field. Since at r → ∞ the corrections introduced by Eq.(5) vanish rapidly, so that in the subsequent interactions [11] the neutrino ν j should be with a proper mass m j . The very rapid vanishing (see Fig. 2 ) of the δm j (r) with r makes it reasonable to take into account the influence of the correction only at the nuclear surface r = R = 5.712 fm for 140 Pr 58+ [12] just after the production of the neutrino ν j and the daughter ion.
At the nuclear radius r = R = 5.712 fm [12] , we get
with an electron e − , muon µ − and τ − -lepton in the intermediate state, respectively. The corrections to the neutrino masses are equal to 
The period of modulation is thus redefined as
Neglecting the contributions of (δm j (R)) 2 we transcribe the denominator into the form
5 A negative correction to the neutrino mass in the strong Coulomb field one can corroborate within a model for the behaviour of a classical neutral two-body system with a dipole moment, induced by the Coulomb field. 
The mass m 3 of the neutrino ν 3 is m 3 = 0.22 + 5.80 × 10 −3 eV.
We obtain it using Eq.(12) and the experimental value ∆m 2 32 = 2.4 × 10 −3 eV 2 [9] . The sum of neutrino masses amounts to j=1,2,3
which agrees well with the upper limit j m j < 1 eV [3] .
We have shown that an interaction of virtually produced charged lepton W -boson pairs of massive neutrino in the strong Coulomb field of the daughter ion can induce certain corrections to neutrino masses, which allow to reconcile the value (∆m [3, 4] , obtained as a best-fit of the global analysis of the solarneutrino and KamLAND experimental data [3] (see also [4] ).
The proposed change of the neutrino masses together with the experimental data on the timemodulation of the rate of the number of daughter ions in the EC-decays of the H-like ions and (∆m 2 21 ) exp = 0.80 × 10 −4 eV 2 allows to estimate the values of neutrino masses m j ≃ 0.22 eV agreeing well with the constraint on the sum of neutrino masses m j < 1 eV [3] . The value of the heaviest neutrino mass m 3 = 0.22+5.80×10 −3 eV satisfies also the constraint m 3 < 0.4 eV [3] .
We would like to accentuate that the dependence of the corrections to the neutrino masses on the electric charge of daughter ions is somewhat damped by the increase of the nuclear radius growing as A is a H-like ion, we get δm 1 (R) = − 7.53 × 10 −4 eV and δm 2 (R) = − 4.10 × 10 −4 eV for R = 7.665 fm. This gives a period of the timemodulation of the daughter ions 205 Tl 80+ equal to T d = 9.80 sec, which agrees well with a preliminary experimental value T d = 10.23 sec [13] .
